Abstract. For a closed 1-form ω with Morse singularities, Calabi discovered a simple global criterion for the existence of a Riemannian metric in which ω is harmonic. For a codimension 1 foliation F , Sullivan gave a condition for the existence of a Riemannian metric in which all the leaves of F are minimal hypersurfaces. The conditions of Calabi and Sullivan are strikingly similar. If a closed form ω has no singularities, then both criteria are satisfied and, for an appropriate choice of metric, ω is harmonic and the associated foliation F ω is comprised of minimal leaves. However, when ω has singularities, the foliation Fω is not necessarily minimal.
Introduction
Probably, it has been observed for a long time that a single simple geometric property implies two quite different phenomena: the first is the intrinsic harmonicity of a given closed 1-form ω and the second -the intrinsic minimality of the foliation F ω determined by this form. The first implication of this global geometric property (we call it the Calabi Property) was discovered by Calabi ([Ca] ) and the second, for non-singular foliations, -by Sullivan ([S2]). It is easy to see that, if ω has no singularities, then the Calabi property is satisfied and, as a result, ω is intrinsically harmonic and F ω is intrinsically minimal. However, 1-forms typically do have singularities and so do the corresponding foliations. In general, the ω-singularities obstruct both the harmonicity of ω and the minimality of F ω .
The research has been supported by US-Israel Binational Science Foundation Grant 9400073.
Therefore, it is natural to ask whether, in the presence of the Calabi property, there exists a Riemannian metric with respect to which ω is harmonic and the leaves of F ω are volume-minimizing hypersurfaces. In this paper we show that one can find such a metric which harmonizes ω and "almost" minimizes the leaves of F ω , thus bringing Calabi's and Sullivan's theories under a single roof.
Let us clarify and expand upon this claim. Let M be a smooth compact nmanifold and ω -a closed 1-form on M . We say that ω is of Morse type if, locally, it is the differential of a Morse function. We assume that ω has no singularities on the boundary ∂M and that its restriction on ∂M also is a form of the Morse type.
Let S ω denote the singular set of ω -it is a finite collection of points. Similarly, let S ∂ ω denote the singular set of ω, restricted to ∂M . Put
Definition 0.1. We say that a smooth path γ :
Hereγ(t) denotes the velocity vector tangent to γ at γ(t).
The following is a modification of an important global property of ω, studied in [Ca] . Calabi was investigating the following problem: Given a closed 1-form ω on a closed smooth n-manifold M , when does there exist a Riemannian metric g, such that ω is harmonic with respect to the g?
If such a metric exists, we will say that ω is intrinsically harmonic. In this paper the harmonicity of a closed differential form ω for manifolds with boundary is interpreted as the property d( * ω) = 0, where " * " stands for the Hodge star-operator (and not as a general solution of the Laplace's equation).
Calabi proved that, for a closed M , condition (i) is equivalent to the intrinsic harmonicity of ω ([Ca] ).
